General expressions of self-energy and corresponding virial terms for electrostatic interactions in dissipative particle dynamics simulations are derived in this article. In the lattice-sum electrostatics, we found the essential process is to solve the electric field equation of each individual point charge. Strong inward pressure caused by the self-energy is eliminated by subtracting the corresponding virial from the total virial. The resulting method is tested by simulating cationic lipid bilayers in constant pressure ensemble. © 2010 American Institute of Physics. ͓doi:10.1063/1.3297889͔
particles in DPD potential, electrostatic field is solved locally on a grid by spreading out charges into lattice. This is similar to particle-particle particle-mesh ͑P 3 M͒ algorithm in molecular dynamic ͑MD͒ simulations, 13 but the field is updated by a real-space successive overdamped relaxation method rather than solved using a fast Fourier transform. In this way, the pressure follows from the traditional virial theorem that is expressed as the twice of the kinetic energy minus the scalar product of particle coordinate vectors and force, divided by three times of volume. 14 In lattice-sum electrostatics, the total electrostatic potential energy includes the self-energy term that each point charge is experiencing from its own charge distribution. This term causes strong inward pressure for systems bearing net charges.
14 So some care must be taken to subtract its effects, especially for simulations in constant pressure ensemble. Hünenberger derived virial expressions of self-energy term for P 3 M and Ewald summation methods in MD simulations where Fourier transform of the electric field is used.
14 However so far, the effects of self-energy in DPD simulations are not addressed in detail. The method in MD simulations cannot be directly applied to DPD simulations since the electric field is solved in real space in DPD. In this article, we give the formulation of virial contributed by self-energy term in DPD simulations. Then we consider its effect by simulating bilayers composed of cationic lipid ͑CL͒ in constant number, pressure, and temperature ͑NPT͒ ensemble. Strong inward pressure effect is confirmed. By subtracting the self-energy contributions from the total virial, well-ordered flat bilayers are obtained. We also simulated bilayers mixed with both neutral and CLs and found that at higher concentration of CL, the bilayer occupies larger area at tensionless state due to the electrostatic repulsions between charged lipids. In DPD simulations the unit of particle ͑or bead͒ is a volume with diameter r 0 , which represents a few atoms or molecules. The DPD beads interact via short-ranged conservative force, random force, and dissipative force. [1] [2] [3] For systems with beads bearing net charges, to calculate electrostatic interactions, a unit charge is spread out by linearshaping function,
͑1͒
and f͑r͒ = 0 for r Ͼ R e . Here R e = 1.6r 0 is the electrostatic smearing radius. Then the electrostatic energy of a system with charge density e ͑r͒ in a field ͑r͒ is
In lattice-sum method, a charge proportional to 1 − r / R e is assigned to each of the node i. So in practice, the charge distribution is normalized by
with r i the position of node i and r c the position of an ion. Then the electrostatic potential energy is reduced to the summation over all the ions and nodes inside the smearing radius of each ion,
According to Groot, 11 the electrostatic potential is solved by using a real-space successive overdamped relaxations method, i.e., it is updated via
Here = 0.15 is the analog of a friction factor, ⌫ = e 2 / k B T⑀r 0 = 9.615 is a coupling constant at room temperature, and P is the polarizability relative to pure water. e is the averaged local charge density, which is defined by The electrostatic potential energy Eq. ͑4͒ obtained by solving Eq. ͑5͒ includes the self-energy term that a charge is experiencing from its own charge distribution. With continuum distribution function ͑1͒, a charge has self-energy
which is independent of the coordinate of the particle. Thus it has no contribution to the virial and force on each charge. However for a charge spread out on nodes of lattice, its self-energy is expressed as
This does dependent on the position of the particle. So for lattice-sum electrostatics in periodic system, care must be taken to subtract the self-energy. However for long range interactions or nonperiodic systems, the self-energy term disappears.
To calculate the self-energy, the field self q c ͑r i ͒ can be updated as well as Eq. ͑5͒. Since the field is only contributed by a point charge q c , e ͑r i ͒ is replaced by q c f i ͑r c ͒ in Eq. ͑8͒. In practice, we choose the value of self q c ͑r i ͒ from the last DPD step as the initial guess if r i is inside the smearing radius of q c , otherwise, it is zero. Then 9-10 times iteration is essential to update self q c ͑r i ͒ for each charge at every DPD time step. The iterations did not increase the simulation time significantly because for each charge only the field at nodes inside its smear radius needs to be updated. According to Hünenberger, 14 the anisotropic virial is defined by
where L is the boxsize in direction. Then we can easily obtain the virial for DPD simulation
The first term is the virial contributed by the electrostatic interactions where r i represent the component of the position of node i. The second term is the traditional virial expression for any other kind of pairwise interactions in DPD. F ␣,␤, C is the conservative force between particle ␣ and ␤ in direction, and ␣␤ is the component of vector r ␣␤ . ͑The virial for three-body bonded interaction for lipid molecules can be separated into forms like pairwise interaction. 15 ͒ The pressure in direction is then
where K is the kinetic energy along and V is the volume of the system. This expression for pressure is valid for both periodic and nonperiodic systems. Similarly, the electrostatic force on a charge q c is
The effects of self-energy and corresponding virial contribution are tested by simulating CL bilayers. In coarse grained ͑CG͒ DPD simulations, lipid molecule is modeled as a polymer with three hydrophilic head beads and two tails with each one composed of four hydrophobic beads. For CL, a positive charge is carried on one of the head bead. CL counterions and water are modeled as single beads. All the beads interact via short ranged repulsive force, dissipative force, and random force. For lipid beads in a chain, they also interact via harmonic bond potential and bond bending potential. 4 There are also electrostatic forces acting on charged particles. The steric DPD parameters are as same as in Ref. 4 and the electrostatic parameter can be found in Ref. 12 . Simulations are performed in NVT ensemble for 10 000 time steps followed by 90 000 steps in NPT ensemble. In NVT ensemble, standard velocity-Verlet algorithm is used. 2 In NPT ensemble, Langevin piston approach is employed. 16, 17 Initially, a bilayer slab composed of 1600 lipids are placed on the x-y plan in the center of a orthogonal box with size 32r 0 ϫ 32r 0 ϫ 32r 0 . CL counterions and water are randomly distributed in the space unoccupied by the slab. The system has 73 728 beads in total. First we simulate a bilayer with all of the lipids are positively charged. The pressure in three directions are all set to be 23k B T / r 0 3 , which is close to the pressure obtained in NVT ensemble for pure water box with bead density =3/ r 0 3 . If the virial contributed by the self-energy is not subtracted from the total virial, strong inward pressure leads the bilayer to a highly curved state as shown in Fig. 1͑a͒ . Simulation error occurs in 30 000 time steps. However, by subtracting the self-energy contribution, a well ordered flat bilayer is maintained in up to 100 000 time steps. The area of the bilayer approaches equilibrium in 40 000 steps. The averaged area per lipid is found to be ͗a lipid ͘ = ͑1.383Ϯ 0.005͒r 0 2 , which is 10% more than the area of neutral bilayer at relaxed state ͓͗a lipid ͘ = ͑1.261Ϯ 0.003͒r 0 2 ͔. The instantaneous surface tension of the
2 ͑P x + P y ͔͒ ͘ is also given in Fig. 1͑b͒ .
Zero surface tension ͑␥ s = ͑0.00Ϯ 0.03͒k B T / r 0 2 ͒ is found as expected. To simulate bilayers at any constant surface tension, NP Ќ ␥ s T ͑P Ќ is the normal pressure͒ ensemble should be used. 17 At ␥ s = 0, it reduces to NPT ensemble.
The stretching effect of electrostatic interaction is further investigated by simulating bilayers composed of both neutral and charged lipids. These two kinds of lipids have the same architecture. We found the averaged area per lipid at zero tension increases as a function of the number ratio of charged lipid to total lipid c , see Fig. 2 . In Fig. 2 , at each value of c , the area per lipid is obtained by taking the average of five independent samples. The statistic error for each point is in order of 10E-4. The area per lipid can be well fitted by an exponential growth function,
To our knowledge there is no report on such property of the CL bilayer yet. The physical reason maybe not trivial. This issue will be further considered in the future. We also would like to suggest experimental groups to test our prediction. The electrostatic properties of lipid bilayer play important roles in biomembrane system, such as the DNA-CL complexes, which will be discussed in detail in our forthcoming work. 18 In summary, we derive the self-energy term for the electrostatic interactions in DPD simulations. It is done by solving the electric field of each individual point charge in real space. By subtracting the contributions of self-energy term, we give a general expression for the calculation of virial ͑or pressure͒. This enables us to simulate systems bearing net charges in constant pressure ensemble, such as CL bilayers. We found that the area per lipid of a tensionless bilayer increase exponentially as a function of CL density. 
